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It is easy to show that the function f (x) = x  satisfies the functional equation (.), which is called a quartic functional equation, and every solution of the quartic functional equation is said to be a quartic mapping. Throughout this paper, assume that (X, P) is a Fréchet space and that (Y , · ) is a Banach space.
In this paper, we prove the Hyers-Ulam stability of the Cauchy additive functional equation, the quadratic functional equation, the cubic functional equation (.) and the quartic functional equation (.) in paranormed spaces.
Hyers-Ulam stability of the Cauchy additive functional equation
In this section, we prove the Hyers-Ulam stability of the Cauchy additive functional equation in paranormed spaces.
Note that P(x) ≤ P(x) for all x ∈ Y .
Theorem . Let r, θ be positive real numbers with r > , and let f : Y → X be an odd mapping such that 
for all x ∈ Y .
Proof Letting y = x in (.), we get
for all nonnegative integers m and l with m > l and all x ∈ Y . It follows from (.) that the sequence { n f ( x  n )} is a Cauchy sequence for all x ∈ Y . Since X is complete, the sequence
for all x ∈ Y . Moreover, letting l =  and passing the limit m → ∞ in (.), we get (.). It follows from (.) that
for all x, y ∈ Y and so the mapping A : Y → X is Cauchy additive. Now, let T : Y → X be another Cauchy additive mapping satisfying (.). Then we have
which tends to zero as n → ∞ for all x ∈ Y . So we can conclude that A(x) = T(x) for all x ∈ Y . This proves the uniqueness of A. Thus the mapping A : Y → X is a unique Cauchy additive mapping satisfying (.).
Theorem . Let r be a positive real number with r < , and let f : X → Y be an odd mapping such that
for all x, y ∈ X. Then there exists a unique Cauchy additive mapping A :
for all nonnegative integers m and l with m > l and all x ∈ X. It follows from (.) that the sequence {
Since Y is complete, the sequence
for all x ∈ X. Moreover, letting l =  and passing the limit m → ∞ in (.), we get (.). It follows from (.) that
for all x, y ∈ X. Thus A(x + y) = A(x) + A(y) for all x, y ∈ X and so the mapping A : X → Y is Cauchy additive. Now, let T : X → Y be another Cauchy additive mapping satisfying (.). Then we have
which tends to zero as n → ∞ for all x ∈ X. So we can conclude that A(x) = T(x) for all x ∈ X. This proves the uniqueness of A. Thus the mapping A : X → Y is a unique Cauchy additive mapping satisfying (.).
Hyers-Ulam stability of the quadratic functional equation
In this section, we prove the Hyers-Ulam stability of the quadratic functional equation in paranormed spaces.
Theorem . Let r, θ be positive real numbers with r > , and let f : Y → X be a mapping satisfying f () =  and
for all x, y ∈ Y . Then there exists a unique quadratic mapping Q  : Y → X such that
Proof Letting y = x in (.), we get
for all x ∈ Y . Hence
for all nonnegative integers m and l with m > l and all x ∈ Y . It follows from (.) that the sequence { n f ( x  n )} is a Cauchy sequence for all x ∈ Y . Since X is complete, the sequence
for all x ∈ Y . Moreover, letting l =  and passing the limit m → ∞ in (.), we get (.). It follows from (.) that
for all x, y ∈ Y and so the mapping Q  : Y → X is quadratic. Now, let T : Y → X be another quadratic mapping satisfying (.). Then we have
which tends to zero as n → ∞ for all x ∈ Y . So we can conclude that Q  (x) = T(x) for all x ∈ Y . This proves the uniqueness of Q  . Thus the mapping Q  : Y → X is a unique quadratic mapping satisfying (.).
Theorem . Let r be a positive real number with r < , and let f : X → Y be a mapping satisfying f () =  and
for all x, y ∈ X. Then there exists a unique quadratic mapping Q  : X → Y such that
for all x ∈ X. http://www.advancesindifferenceequations.com/content/2012/1/123
Proof Letting y = x in (.), we get
for all nonnegative integers m and l with m > l and all x ∈ X. It follows from (.) that the sequence {   n f ( n x)} is a Cauchy sequence for all x ∈ X. Since Y is complete, the sequence
for all x ∈ X. Moreover, letting l =  and passing the limit m → ∞ in (.), we get (.). It follows from (.) that
for all x, y ∈ X. Thus Q  (x + y) + Q  (x -y) = Q  (x) + Q  (y) for all x, y ∈ X and so the mapping Q  : X → Y is quadratic. Now, let T : X → Y be another quadratic mapping satisfying (.). Then we have
which tends to zero as n → ∞ for all x ∈ X. So we can conclude that Q  (x) = T(x) for all x ∈ X. This proves the uniqueness of Q  . Thus the mapping Q  : X → Y is a unique quadratic mapping satisfying (.). http://www.advancesindifferenceequations.com/content/2012/1/123
Hyers-Ulam stability of the cubic functional equation
In this section, we prove the Hyers-Ulam stability of the cubic functional equation in paranormed spaces. Note that P(x) ≤ P(x) for all x ∈ Y .
Theorem . Let r, θ be positive real numbers with r > , and let f : Y → X be a mapping such that
for all x, y ∈ Y . Then there exists a unique cubic mapping C : Y → X such that
Proof Letting y =  in (.), we get
for all nonnegative integers m and l with m > l and all x ∈ Y . It follows from (.) that the sequence { n f (
for all x ∈ Y . Moreover, letting l =  and passing the limit m → ∞ in (.), we get (.). It follows from (.) that
for all x, y ∈ Y and so the mapping C : Y → X is cubic. Now, let T : Y → X be another cubic mapping satisfying (.). Then we have
which tends to zero as n → ∞ for all x ∈ Y . So we can conclude that C(x) = T(x) for all x ∈ Y . This proves the uniqueness of C. Thus the mapping C : Y → X is a unique cubic mapping satisfying (.).
Theorem . Let r be a positive real number with r < , and let f : X → Y be a mapping such that
for all x, y ∈ X. Then there exists a unique cubic mapping C : X → Y such that
Proof Letting y =  in (.), we get
for all nonnegative integers m and l with m > l and all x ∈ X. It follows from (.) that the sequence {   n f ( n x)} is a Cauchy sequence for all x ∈ X. Since Y is complete, the sequence
for all x ∈ X. Moreover, letting l =  and passing the limit m → ∞ in (.), we get (.). It follows from (.) that
for all x, y ∈ X and so the mapping C : X → Y is cubic. Now, let T : X → Y be another cubic mapping satisfying (.). Then we have
which tends to zero as n → ∞ for all x ∈ X. So we can conclude that C(x) = T(x) for all x ∈ X. This proves the uniqueness of C. Thus the mapping C : X → Y is a unique cubic mapping satisfying (.).
Hyers-Ulam stability of the quartic functional equation
In this section, we prove the Hyers-Ulam stability of the quartic functional equation in paranormed spaces. Note that P(x) ≤ P(x) for all x ∈ Y . 
 nr x r + y r = 
